SOME MEANS OF CONVEX BODIES(')

BY
W. J. FIREY

The systematic study of various mean-values of nonnegative valued functions is
due in large part to the work of J. L. W. V. Jensen [12], A. Kolmogoroff [11], and
B. Jessen [13]. In this paper we present a similar theory of certain means of functions
whose values are taken from a collection of convex bodies in a finite dimensional
Euclidean space. The range of nonnegative valued functions is totally ordered
while the collection of convex bodies to be considered is partially ordered by set
inclusion; corresponding to inequalities, we shall have inclusions, here to be called
inequalities, between mean-values. Thus the discussion will furnish an example of
a partially ordered system whose algebraic and topological structure is sufficient to
admit a fairly elaborate theory of inequalities analogous to that of the real numbers.

The first section is a résumé of those parts of the work of Jensen, Kolmogoroff,
and Jessen for which analogues will be developed. §2 treats of pertinent material
about star and convex bodies. Certain families of star bodies and of convex bodies
are defined in the third section; these latter play the role of nonnegative valued
functions. Two systems of power means of such families are described. Each
system is, in its way, analogous to the power means of nonnegative valued func-
tions. In §4 we discuss some special cases of power means including elementary
means and the Riemann-Minkowski integrals of A. Dinghas [2], [3]. Also some
rotation invariants of a convex body are described as power means of special
families determined by the convex body. The fifth section begins with crucial
properties of the means and contains an extremal characterization for the two
systems of means defined in the third section. Analogues of Jensen’s and Jessen’s
inequalities make up §6. We also mention the limiting cases of power means as the
power index becomes infinite, positively and negatively. As an application of
Jessen’s inequality, a Brunn-Minkowski type theorem is proved. In the final
section we discuss some further systems of means of convex bodies.

1. The definition of the elementary power means extends in a natural way to
include power means of certain functions f which have finite, nonnegative values
and whose domain T is a compact topological group equipped with its Haar
measure. If fis bounded and measurable over its domain, its pth power mean is
defined by

(L.1) 3 pr(z)dr = M,(f)
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where the integration is extended over the domain of . It is assumed that the Haar
measure is so normalized that if f(t)=1 over T, we have M,(f)=1. We allow the
index p to be any number from the set —c0<p < +00.

Certain conventions must be adopted in (1.1); these are chosen to preserve
special continuity properties of M,(f). For p=0 we define

My(f) = exp f In £(¢) dt.
T
Similarly we set

M,(f) = eﬁ’Tsupf, M_(f) = eﬁ”Tinff.

If f vanishes over a set of positive measure, we define M,(f)=0 for p<0.

Two particular domains of definition will be of importance: the closed interval
of real numbers ¢ satisfying 0 <7< I, to be denoted by T ; the group #, of proper,
(i.e., orientation preserving), rotations about the origin of Euclidean n-space R,.
We view T as a group under the operation of addition modulo one.

The classical inequalities may be described in terms of two inequalities governing
power means. First, Jensen’s inequality, cf. Jensen [12], valid for any nonnegative
valued f which is measurable over T

(1.2) My(f) = M(f) forp = q.

So, for example, the choice p=0, g=1 gives the inequality of the arithmetic and
geometric means.

Second, Jessen’s inequality, cf. Jessen [13], valid for any nonnegative valued f
which is measurable over Tx T’, (T is also assumed to be a compact, topological

group),
(1.3) MIM(f) = MM (f) forp = gq.

For Jessen’s inequality M!'(f) denotes the function, defined almost everywhere in
T, by

N/ f fYt, t)drt'.
-

Thus the formation of the right and left sides of (1.3) requires an appeal to Fubini’s
theorem in a rather general form, cf. [8, p. 148]. When we choose p=1 in (1.3), we
obtain the commoner form of Minkowski’s inequality; the choice g=1 gives the
remaining cases.

It is a consequence of work of Kolmogoroff [11] and Nagumo [14] that the
means M, for |p|<oo can be characterized by a few simple properties. More
precisely, if M is a functional defined for each nonnegative function f which is
bounded and measurable over T;, and if M satisfies conditions (1) through (6)
below, then for some real, finite p we have M(f)= M,(f) over the domain D of M.



1967] SOME MEANS OF CONVEX BODIES 183

Let f, f;, and g denote functions in D.

(1) M is continuous; that is, if { f;} is a bounded sequence converging pointwise
to fover T;, then M(f;) - M(f).

(2) M is monotonic increasing in the sense that if f(¢)<g(t) over T;, then
M(f)=M(g).

(3) M is symmetric; that is if g(¢t)=f(¢+ 7) for some = in T3, the addition being
modulo one, then M(f)=M(g).

@) If f(¢)=1 over Ty, then M(f)=1.

(5) Let T; be the subinterval 7<t<+" of T, and set t'=(t—17)/(='—7). We
define g over T, by setting g(¢')=/f(¢) for ¢ in T7; then we define f; over T; by
Sfi(®)=M(g) for ¢t in Ty, f1(t)=f(t) elsewhere. We have M(f,)=M(f). This will
be called the composition property.

(6) M is positively homogeneous of degree one; that is, for every A >0, we have
MQf)=AM(f).

In addition to the references cited, the reader is referred to [9] for details.

2. In the Euclidean space R, of points (x}, ..., x"), the point
Axt+ppt, oo, AXT 4 pyT),

A, p real, will be written Ax+ uy. If x is not the origin 0, the ray of points of the
form Ax, A>0, will be denoted by R,. For the inner product x'y*+ - - - +x"" we
write (x, y) and ||x| for the distance (x, x)*/2. E will mean the sphere of points x
for which ||x| 1. If S is a set, S means the boundary of S and S means the
convex closure of S.

Suppose G is a function defined over R, which satisfies:

(@) G(x)>0if x#0, G(0)=0;

(b) G(Ax)=AG(x) for all A>0;

(c) G is continuous for all x.
Then G will be called a distance function for the set of points S such that G(x) < 1.
S is a star body, by which we mean S is closed, bounded, starlike with respect to
the origin 0 and has 0 as an interior point. From such a set S we can recover its
distance function G by taking G(0)=0, G(x)=|x|/|z|| if x#0 where z=R, N &S.
Thus the class of distance functions is in one-to-one correspondence with the class
of star bodies.

If G satisfies (a), (b) and

() G(x+y) = G(x)+ G(»), then it necessarily satisfies (c). In this case the set S
is a convex body containing 0. Throughout this paper it will be assumed that every
convex body mentioned contains 0. Since it is also true that, if S is convex, its
distance function satisfies (c’), the class of convex bodies is in one-to-one corre-
spondence with the class of distance functions which satisfy (c').

At times we shall have to consider a star body S and its convex closure; the
following representation theorem will be of service.
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THEOREM 1. Let S be a star body with distance function G, S its convex closure.
The distance function F of S is representable in the form

F0) =0, F(x)=inf{e,G(x})+ - +e,G(x,;)} forx # 0,
where the infimum is to be taken over the elements ay, . . ., oy, Xy, ..., X, such that

@ X=ax;+- - topx,, o 20,...,0, 20,
. a1+...+an=], det(xl,-ngn)#o'
For the choices of oy, . . ., «, allowed we have

@ G(x)+ -+, G(x,) 2 0

and so the infimum exists for each x. Let F’ be the function defined by this infimum
when x#0 and take F'(0)=0. We will show that F'(x)= F(x). Since this is true for
x=0, we assume from here on that x#0.

For A>0,

o, G(Ax;)+ - - - + 0, G(Ax,) = Ao, G(xy) + - - - + e, G(x,)]
from which it follows that
2.2) F'(Ax) = AF'(x).
Suppose we have two representations of x, viz.
X=Xyt X, = )X+ - oy,

where xj=Ax;, A;>0, j=1,2,...,n, and «, ..., a, satisfy the conditions (2.1).
Since

(e —a3A)x 4+ - - (e, — )X, =0
and xy, . . ., x, are linearly independent, o,=a}A;. Moreover, because G satisfies (b),
26(x) = jG(Ax)) = GA,G(x)) = o,G(x;);
therefore
2.3) o;G(x )+ - - -+, G(x,) = GG+ - -+ G(xy).

We shall now prove that if x is in ¢S, then F'(x)=1. For such an x lies in some
support plane of S; let

(2.4) X = Otlxl+ e +anxn

be one representation of x and let xi,...,x, be the intersection of the rays
R, ,..., R, with that support plane. From these points we obtain a second
representation where a3, ..., oy, X3,. .., x, satisfy the conditions (2.1), x;=Ax;,,
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A;>0. The points x, .. ., x, are either exterior to or boundary points of S and so
G(x;)z 1 from which it follows that

odiG(X)+ - - - +eapG(xy) 2 1.

With the aid of (2.3), we conclude that F'(x)= 1.

Since x is in @S, there is a representation of the type (2.4) in which xy, ..., x,
arein dSand e, ,; = - - =«,=0. With this choice we get «;G(x;)+ - - - +«,G(x,)=1
and so F'(x)=1.

Denote by z the point R, N dS; then x=|x|z/|z| and

F(x) = |x|/lz] = x| F'@)/]z] = F'(x)

by (2.2) which completes the proof. Note that the infimum is actually an attained
minimum.

The class of star bodies is partially ordered by inclusion; this induces a partial
ordering in the set of distance functions. More precisely, if S;, i=0, 1, are star
bodies with distance functions G;, then S;<S; and Gy(x)=G,(x) over R, are
equivalent assertions.

The convergence of a sequence {S;} of star bodies to a star body S will be defined
as follows. Let G, be the distance function of S;, G that of S. We say {S;} converges
to S if {G;} converges to G uniformly over 0E. We next prove a convergence
theorem.

THEOREM 2. Suppose a sequence {S;} of star bodies satisfies
boESS}EblE, 0<b0§b1, j=1,2,...,

and that the corresponding sequence {G;} of distance functions converges uniformly
over OF to a function G. Then {S;} converges to a star body S and G is its distance
function. Moreover the sequence {S;} of convex closures converges to S.

In the first part of the theorem we need only show that G is a distance function.
The distance functions of b,F are |x|/b;, hence 0<1/b, SG{(x)=1/b, over OF
and this must be true for G. Further the positive homogeneity (b) of the functions
G, entails that of G. Finally the uniform convergence of the continuous function G;
implies the continuity of G over ¢E. Clearly the homogeneity of G implies its
continuity for all x and from G40)=0 we have G(0)=0. Thus G meets require-
ments (a), (b), (c) as was to be shown.

By Theorem |, if F; is the distance function of S; and F that of S,
@.5) Fi(x) = min [e,Gj(x1) + - - + 2, Gi(X0)],
' F(x) = min [e,G(x;) + - - - +2,G(x,)]

for x#0 where the minima are taken over representations satisfying (2.1). The
convergence assumption, viz. G; — G over 9E, can be written

2.6) |G(x)—G(x)| < ¢|x|, forallj> N(e) and for all x,
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where N(e) — co monotonically as ¢ — 0. In (2.5) the minima are attained and so
for each j> N(boe/b,) we may determine o, . . ., ap, X1, . . ., X, satisfying (2.1) such
that
Fi(x) = e4Gy(x1) + - +enGy(x7);
further let oy, . . ., «,, Xy, ..., x, satisfy (2.1) and be such that
F(x) = a;G(x;) + - - - + 0, G(xy).
First, if F(x)= Fj(x), we have from the minimal character of F:
0 = F(x)—Fi(x) £ ol(G(x1) = G(x1)+ - - - +on(G(xn) — G(xp))
S o|G(x) = GAx)| + - - | Glx) — G(xa)|
S (ebo/bi)(r|| X[ + - - +en]xal))

in virtue of (2.6). By similar reasoning, if F,(x) = F(x), we deduce from the minimal
character of F; and from (2.6) that

0 = Fi(x)—F(x) £ (ebo/by)(ey | X1+ - - - +an|xa])

In the first case suppose x is on &S;; then x, ..., x, can be chosen on 2S; and
from the bounds on S; we have | x| <b,,.. ., | x| £b; and so |F(x)— Fi(x)| < eb,.
But then, dividing by ||x| 2 bo, (since S;2b,F), we obtain

.7 |F(u)— Fj(u)| < &, forj > N(boe/b;) and u on OF.

In the second case, suppose x is on 0S5; then x,,..., x, can be chosen on 9S
and, in the same way as before but using the bounds on S, we have (2.7). Therefore
F; — F uniformly over 0E and so, by the first part of the theorem, since bE< S;
< b, E, we conclude that {S;} converges to S.

Let K be a convex body. In addition to its distance function F, one defines, as a
second characterizing function for K, its support function H over R, by
H(x)=max,ex (x, z). For each x#0, the half-space A(x) of points y such that
(y, x) £ H(x) contains K and its bounding plane contains at least one point of 0K.
h(x) is called a supporting half-space of K and its boundary is the support plane of
K in the direction x. We have K={("\,cor /(1)

Let y be the intersection of R, with the support plane in the direction x. An
alternative representation for H is

H(x) = ||x|| |yl, forx # 0, H(0)=0.

If z#0 and u=z/|z||, then z/F(z)=u/F(u). Suppose z is on R, N K, then F(z)<1
and so for such z (x, z) £ (x, u)/F(u) with equality if and only if z is on oK. This
gives yet another useful representation of H, viz.

2.8) H(x) = mgx (x, w)/F(u).
uedE
The support function of any convex body satisfies conditions (a), (b), (¢’). And,

conversely, any function meeting these requirements is the support function of a
convex body. '
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Let us suppose that G is a function, defined over R,, which satisfies (a), (b), (¢'):
viewed as a distance function, G determines a convex body K; viewed as a support
function, G determines a second convex body K. K and K are polar reciprocal
with respect to E. In more detail, let x be any point of K other than 0; with x we
associate the half-space (y, x)<1. K is the intersection of these half-spaces. We
may describe K as the convex closure of its boundary points, i.e., K= x, where
the union is to be taken over x for which G(x)=1. In forming K as the intersection
of the half-spaces (y, x) <1, we may restrict ourselves to those half-spaces corre-
sponding to x on 0K. Set u=x/|x|; then G(u)=1/|x| and so the half-space
(¥, x) =1 is the half-space g(u): (y, ) = G(u). We have

(2.9) Ux" = N 8.

Relation (2.9) however remains true even if G satisfies (a), (b), (¢) and not (¢').
We note that polar reciprocation is involutory, i.e., (K)~ =K.
By a polar reciprocation argument and equation (2.8), we find as another
representation of the distance function F of a convex body K

(2.10) F(x) = m%x (x, u)/H(u).

Also by this type of argument we can establish the following

CoOROLLARY TO THEOREM 1. Suppose G is a function satisfying conditions (a), (b),
(c) and suppose K to be the convex body defined by K=(\ycor g(u). The support
Junction of K is H defined by

H(x) = inf {o&,G(x))+ - - - +¢,G(x,)}, for x # 0,
where o, . . ., oy, Xy, ..., X, satisfy (2.1), and H(0)=0.

By (2.9) f(=Ux where the union taken over all x satisfying G(x)<1. Then K
is the convex closure of a star body whose distance function is G(x). In virtue of
Theorem 1, the distance function of K is the H described in the statement of the
corollary. Therefore this H is the support function of K.

The partial ordering of convex bodies by inclusion induces a partial ordering
among support functions. Thus K, < K; and Hy(x) £ H,(x) over R, are equivalent
assertions where H, is the support function of K. It follows that K,2 K, is equiv-
alent to K,= K.

The deviation 8 defined by

@.11) 8(Ko, K,) = max |Hy(v) — H,(v)|
velE

is a metric for the space of convex bodies. This provides a second definition of
convergence which is equivalent to the earlier one applied to the space of convex



188 W. J. FIREY [November

bodies. First note that if F; — F over 0E, where F;, F are the distance functions of
K;, K, then there are positive numbers b, < b, such that
boE < K, < b,E, boE < K < bE,
that is, over 0F
bo 2 Fyu) 2 by, bo 2 F(u) 2 b,.
Hence, by (2.8),

It

, 0w (@)
)= HOI = |max ey~ maX Fw

max [, w)| | Fj(u)— F(u)|/Fy(u)F(u)

mz;.x | Fj(u)— F(u)|/b%,
ueckE

IIA

IIA

from which it follows that H; — H uniformly over F. Similarly, with the aid of
(2.10), we complete the equivalence proof.

The items of background which have been mentioned in this section without
proof can be found in [1] and [10].

3. Suppose F is a real-valued function over R, x T and that F satisfies these
three conditions:

(A) For each x in ¢E, F(x, t) is measurable over T and b, < F(x, t) < b, for some
pair of positive numbers b,, b, independent of x in 0F;

(B) For each ¢ in T and each A>0, F(Ax, t)=AF(x, t);

(C) For each ¢ in T, F(x, t) is continuous over R,.

These conditions imply that F satisfies (a), (b), (c) for each ¢; since (B), (C) are
conditions (b), (c), only (a) must be shown. By (B) if x#0,

0 < bolx|| £ F(x,t) < byx].

Hence F(x, t) — 0 as x — 0 and so, by (C), F(0, t)=0. This proves (a). In view of
this, with each ¢ in T we may associate a unique star body S(¢) in R, which has
F(x, t) as its distance function. Such a mapping of T into the space of star bodies
will be called a bounded, measurable family S of star bodies over T. The bounded-
ness means, geometrically, that

3.1 (1/6,)E = S(t) = (1/bo)E

for all ¢ and is a consequence of (A).

Our interest will centre on those cases in which the star bodies S(¢)=K{(t) are
convex, i.e., when F satisfies

(C) F(x+y,t)SF(x, t)+ F(y, t) for each ¢ in T, in which case (C) is a conse-
quence of (B) and (C’). Under these circumstances we shall call K a bounded,
measurable family of convex bodies over T. Let H(x, t) be the family of support
functions associated with K.
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THEOREM 3. In order that K be a bounded, measurable family of convex bodies, it is
necessary and sufficient that the associated support function H(x, t) satisfy conditions
(A), (B), (C).

Condition (A) is the only one in question; we must show that H(x, t) is measur-
able over T for each x if and only if this is true of F(x, t). Assume F satisfies (A);
let x be fixed and define over 0Ex T

Yo, t) = (U1 x)/F(v, t).

 is bounded and measurable over T for each » in 9F and is continuous in v over oF
for each t. Select a denumerable subset V' of 0F which is everywhere dense. From
the representation (2.8) of H and the continuity of 4 in », we have

H(x,t) = Sléll]’:) (v, t).

Such an upper envelope is necessarily measurable, cf. [8, p. 84]. The boundedness
of H(v, t) follows from (3.1), the induced partial ordering of support functions,
and the fact that rE has r|x| as its support function. Hence, if K is a bounded,
measurable family, H(x, ¢) satisfies (A), (B), (C').

Suppose H(x, t) satisfies (A), (B), (C'). Let us consider the polar reciprocal
family K of convex bodies K(r). H(x, 1) is the associated distance function for K
and so K is a bounded, measurable family. Consequently, by our preceding
discussion, the associated support function F(x, t) of K satisfies (A), (B), (C').
This completes the theorem, and we have the following corollary.

COROLLARY TO THEOREM 3. If either one of the families K, K is bounded and
measurable, so is the other.

From a family S of star bodies we can construct a family K of convex bodies by
taking convex closures, that is S(¢)= K(¢). The next theorem relates the bounded-
ness and measurability of S and K.

THEOREM 4. If' S is a bounded, measurable family of star bodies over T, then the
Samily XK of convex closures is a bounded, measurable family of convex bodies over T.

From byE< S(t)<b,E over T we have byE< S(¢t)< b, E and so K is bounded.

Let G(x, t) be the distance function of S(¢). G satisfies (A), (B), (C). Denote by
F(x, t) the distance function of 5(¢)= K(¢). We must show that F satisfies (A), (B),
(C'); the only point in question, however, is the first part of condition (A): we
must show that F(x, ¢) is measurable over T for each x. Since F(0, ¢)=0 for all ¢,
we may suppose x#0.

Let x be fixed and let £ be the space of elements e=(ay, ..., ap, X1, ..., Xn)
where oy, ..., a,, Xq,.. ., X, satisfy (2.1). Take as a metricin X

dle, €) = |ay—ai|+ -+ +|og—ap|+ X, = X1 + - - - + || X, — X0 ]-

The function
g(e’ t) = alG(xl, t)+ to +anG(~xm t)
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is continuous over X; let £’ be a denumerable subset of £ which is everywhere
dense in Z. By Theorem 1, and this continuity of g, F(x, t)=inf.; g(e, t). Since
g(e, t) is measurable over T for each e, F(x, t) as a lower envelope is measurable
over T for each x.

Suppose S is a bounded, measurable family of star bodies; the distance function
F which is associated with S satisfies (A) over T for each x#0 and, therefore, so
do the functions F?, In F where 0<|p| <c0. Consequently, the means

My(F(x, 1)) = My(F)

exist for each x#0 in R, and all p. The conventions adopted in the definition (1.1)
of these means take care of the case x=0.

From their definitions we see directly that the functions M ,(F) satisfy conditions
(a) and (b). They also satisfy (c). Suppose p#0 or +oo and that {x;} is a sequence
of points of R, with limit x30. There are numbers r, R such that 0<r=|x;| =R
for all but a finite number of indices. Set f(t)= F?(x;, t); then

0 < f(t) < (Rby) forp >0, 0<ft)< (rby)? forp <O0.

By Lebesgue’s convergence theorem and condition (C)

fim fT () di = L Fo(x, 1) dr

and the continuity of z!'7 in z completes the demonstration of (c) for these cases.
If {x;} tends to 0, we have for ||x,|| #0,

0 = My(F(x;, 1)) = | x| Ma(F(x,f||x;], ) < ballx;l,
these estimates are also true for ||x;| =0 and so, in this instance,

lim M(F(x;, 1)) = M3(F(0, 1)) = 0.

Thus M,(F) is continuous for all x when 0 <|p| <oo. The special cases p=0 or +oo
can be treated similarly.

Consequently with each bounded, measurable family S of star bodies over T
and each p we may asscciate a pth order mean star body m5(S(¢))=m,(S), namely
one whose distance function is M _,(F).

When p=1, the function M, (F) satisfies (a), (b), (c’) if we suppose F satisfies
(A), (B), (C). Condition (C’) is the only one in question and, by Minkowski’s
inequality and (B), (C'):

MYE((1 —8)xo+9xy, 1)) £ MY(1 =) F(xo, 1)+ FF(xy, 1))
S (1 =9)M(F(xo, 1))+ IMG(F(xy, 1))
M(F((1—9)xo, 1))+ My(F(8x1, t))

for0<d4=1.
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We set x=(1 —%)x,, y=2x, and obtain
MY(F(x+y, 1)) £ My(F(x, 1))+ M;(F(y, 1)).

Therefore, whenever K is a bounded, measurable family of convex bodies, the
sets m,(K) are convex bodies for p < — 1. In general this will not be true for p> —1.
For the family K we define a collection of means M,(K), which are convex bodies
for all p, by taking M,(K)=,(K). For the rest of the paper, unless the contrary
is stated, we shall suppose —oo<p<co. In terms of the distance function F(x, t),
the set M ,(K) is the convex closure of the set of points x which satisfy

(3.2) ML (F(x, 1) < 1.

A second family of means will be introduced next. Again we suppose K to be
bounded and measurable. By the corollary to Theorem 3 we know that K is also a
bounded, measurable family and so we may form the means M _,(K) for each p.
We define our second set of means M,(K) by

(3.3 MY(K(t)) = M(K) = [M_,(R)]".
If we replace K by K in (3.3) and take polar reciprocals of each side, we obtain
34 M _,(K) = My(K),

in virtue of the involutory character of polar reciprocation.

There is an alternate and more direct representation of M,(K) in terms of the
associated support function H(x, t). By Theorem 3, H satisfies (A), (B), (C') and
so we may form the means M,(H). These means satisfy (a), (b), (c); hence M,(H)
is the distance function of m_,(K). The convex closure M,(K) is D x where the
union need only be taken over all x for which ML(H(x, t))=1.

By (2.9) and (3.3)

(3.5) U™ = ) hw) = MyK),

where A(u) is the half-space (x, u) < M} (H(u, t)).
In general M, (H) is not the support function of M,(K); it is, however, if p= 1.

4. Some specialized cases of the means introduced in the preceding section will
be taken up next.

The means M, and M, of convex bodies in R, are particularly simple. A convex
body K in R, is a closed interval; we require K to contain the origin and so Kis a
set of points x which satisfy —a<x=<b, where a>0, b>0. The distance and
support functions of K are F and H defined by

F(x) = |x|/b,  H(x) = |x|b, whenx =0,
F(x) = |x|/a, H(x) = |x|a, when x £ 0.

From this we see that if K is a family of convex bodies K(t): —a(t)<x=b(t),
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t in T, then, in order that K be a bounded, measurable family, it is necessary and
sufficient that the functions a, b be measurable over T and satisfy

0<r=al) £ R, O0<r=b(t)=R

for some constants r, R. Further, if K is a bounded, measurable family, the means
M,(K) and M ,(K) coincide; indeed they are the interval — M}(a(t)) < x £ MX(b(t)),
since M* (|x|/a(t))=|x|/M}a(t)), and similarly for b.

The next special instance is that of elementary means. We call a family K of
convex bodies in R, piecewise constant over T if there is both a decomposition of
T into a finite number of disjoint, measurable subsets 7o, 74, ..., 7, and a collection
of convex bodies Ky, Kj, ..., K, such that K(¢)=K; for all ¢ in r;, j=0,1,...,r.
Clearly such families are bounded and measurable. Let A; be the measure of 7;;
then Ag+A;+---+A,=1and

M3(H(x, 1)) = [AHE(x)+ M HI(x)+ - - - + A HP(x)]?
when p#0. Here H, is the support function of K;. If p=0, we have
My(H(x, t)) = Hio(x)H1(x)- - - H}v(x).

For piecewise constant families, (which without loss of generality will be assumed
defined over T;), we write

MP(K) = MD(KO’ Kh RS ] Kr; /\03 A1’ sty A,).

These are the elementary means of finite collections of convex bodies. If r=1, we
set A; =& and Ay=1—¢ and write M,(K)=M,(Ky, K;; #).
Similarly, for general r, we write

MP(K) = Mp(Ko, Kl’ “eey K’; Ao, Aly ey Ar)

and, for r=1, M,(K)= M, (Ko, K;; 9).

The elementary means M, are discussed for p =1 in [4]; the elementary means
M, for p< —1 are discussed in [5]. In the latter paper, the index p equals the index
—p of the present paper.

The elementary mean M, (K, K1, . . ., K;; Ao, Ay, . . ., A,) is of classical importance
being the weighted vector or Minkowski sum A¢Ky+ A K; + - - - + A, K, which is
the set of points x of the form Agxo+A;x;+ - - - +Ax, where x; is in K. This
follows from the fact that the Minkowski sum so defined has the support function
AHo+MH + - -+ MH, cf. [1, p. 29].

More generally the mean M,(K) is connected with the Riemann-Minkowski
integral of A. Dinghas [2], [3]). Here we suppose K to be a bounded family of
convex bodies in R, with domain 7. Let = be any closed subinterval which contains
t and let |7| be its length. We define the limit oscillation of K at ¢ to be

“0) = i, [, SO, K]
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Let II be a decomposition of T, into disjoint intervals =y, 4, .. ., 7,; let A;=|7)|
and ¢; be some point in 7;. Finally set ||I1| =max {A}. If

Igmo [AK(f0) + A K(11) + - - - + A,K(2,)]
i -

exists, then, following Dinghas, this limit is the Riemann-Minkowski integral of K
over T; and is denoted by

J(K) = f: k().

The preceding definition can have meaning if K is a family of closed, bounded
and nonempty sets in R,, providing we replace each K(z;) by its convex hull or,
what comes to the same thing here, its convex closure. This is Dinghas’ procedure
for such K. We restrict our considerations to families of convex bodies, however.

Dinghas proved that if the set Q(K) of r-values at which w(f)>0 has zero
measure, then J(K) exists. We shall prove

THEOREM 5. If K is a bounded family of convex bodies over the interval T, and if
Q(K) is of zero measure, then the means M,(K) and M (K) exist for all real p and

M,(K) = f: dtK ().

From the definition of the deviation & we see that the vanishing of the limit
oscillation is equivalent to
lim [ sup (max |H(u, t"Y— H(u, t")l)] =0

lt}=0 [t',t"et \ uelE
or

lim [§l1”p |H(x, t")— H(x, t”)l] =0
lt1|I=0 Lt',t"et
for each x in R,. This is to say that, for each x, H(x, t) is continuous at ¢ if and
only if w(¢)=0. Hence the condition that Q(K) be of zero measure amounts to this:
the set of z-values at which H(x, ¢) is discontinuous is of zero measure. By assump-
tion H(x, t) is bounded in ¢ for each x. These conditions insure the Riemann
integrability of H(x, ¢) over T; and so suffice for its measurability. From Theorem 3
it follows that K is a bounded and measurable family; this establishes the first
conclusion.

To demonstrate the second conclusion, we assume J(K) and M,(K) exist, the
former being the limit of approximating sums M,(Ko, Ky, . . ., K;; Ao, A, . . ., A).
These last convex bodies have support functions

AoH(x, 1)+ M H(x, 1;)+ - - - + L H(x, t,)

which tend to M,(H) because H(x, t) is Riemann integrable over T;. Since M,(H)
is the support function of M,(K), J(K)= M,(K).
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In what follows the domain T is again general.

Let p- K signify the image of set K under a rotation p from #%,; we denote by
p-K the family of images of members of K under p. If G is the support or distance
function of K and G’ the corresponding function for p- K, then G'(x)=G(p~1-x)
for all x in R,. From this it follows immediately that the means M, and M, are
isotropic, by which we mean that if M is any one of these means, then

p-MK) = M(p-K).

We next consider sections by and projections onto a linear subspace. Suppose
L(uy, uy, . .., u;)=L is the orthogonal complement of the space spanned by thg
orthonormal vectors uy, uy, ..., 4, 1Sr<n—1. K/L will mean the orthogonal
projection of K onto L. The families K* and K* defined by

@.1) K*(t) = K(t) 0L, and K*(t) = K(t)/L

are to be thought of as families of convex bodies in L. The distance function of K*
is the restriction of F(x, t) to points x in L, and the support function of K* is the
restriction of H(x, t) to such points. Therefore if K is a bounded and measurable
family in R,, K* and K* are bounded and measurable families in L. Consequently,
the existence of the means of K entails the existence of the means of K* and K*
in L.

Suppose K is a fixed convex body and F(x) its distance function. We form the
family K defined over the rotations p of #, by K(p)=p- K. Note that the distance
function of K(p) is F(x, p)=F(p~*-x). We next form M,(K); this is the convex
closure of the star body whose distance function is M2 ,(F(p~?!-x)). But the star
body in question is a sphere because, if p, is any rotation

M2 (F(p~'po-x)) = M2, (F(p~*-x)),

i.e., the star body is invariant under all rotations. Hence M2 (F(p~!-x)) is the
distance function of the sphere M,(K); let #, be the radius of the sphere. We have

Fp = l/pr(F(p'1~u1))

where u, is any fixed unit vector.

This radius can be described more simply. Consider an orthonormal system of
n—1 vectors, the first of which is u;, say uy, u,, ..., u,_,. There is a one-to-one
correspondence between the rotations p~! and the orthonormal systems p~1-u,,
p~tug, ..., p~t-u,. Moreover, with each of these latter systems we may associate
a point v=(vy, vy, ..., Uy_;) In OF, X OE, 1 X - - - X OE, where E, is the unit sphere
in R, centered at the origin. We effect this by taking the end point of p~*.u, to be
the point ¢, in 0E,; then p~1-u, is in the orthogonal complement of v,, hence its
endpoint v, lies in dF, _; and so on. In this way we establish a bicontinuous, one-
to-one correspondence between the rotations p~! and the points of 0F, x 0E, _,
x - -+ x 0F,, cf. [10, pp. 226-227]. We set dw =dw, dw, _, - - - dw, where dw, is the
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differential of surface area of F, and w is its total area. Write F(v,)=1/f(v,);
f(v,) is the distance from the origin to 0K in the direction v,. Then

-1/
M2 (F(p~' uy)) = [_l—f f j f”(v1)dwndwn-1"'dw2] ,,,
WpWy 1 ° W3 JOE,JOE, - 0Eq

or F,=+/[f o5, S 7(1) dwy/w,]. In particular

4.2) Fo = V/[nV(K)/w,]

where V(K) is the volume of K; M2(p-K) is a sphere of the same volume as K.

The quantities 7 are rotation invariants of K; we write r,(K).

A corresponding collection of set functions r,(K) can be introduced with the aid
of the means M,. We form M, (K); note that M, (K)=M(po- K)=po- M (K) for
each p, in #, and so conclude that M,(K)is a sphere whose radius we denote by
r,. We have

1o = My(HG™w) = /[ [ P00 donfas|

as before, where H(x) is the support function of K and h(v,) the distance from the
origin to the support plane of K in the direction of v,. In particular r,(K)= B(K)/2
where B(K) is the mean width of K; M%(p- K) is a sphere of the same mean width
as K.

The set functions V(K) and w,B(K)/2n are two particular mean cross-sectional
measures (Quermassintegral). More generally, if we consider Steiner’s polynomial
expression for V(K+ AE,), viz.

V(K+E,) = pio (:) W (K)N,

then the coefficient W,(K) is called the pth mean cross-sectional measure of K.
In particular, if we set «, =w,/n, then

Wo(K) = V(K), W,_i(K) = :B(K)[2, Wi(K) = .
Thus we may write
Mi(p-K) = V(Wo(K)/k)En,  M3(p-K) = (Wy_1(K)/K,)E,.

The first of these formulae will be generalized.

Let uy, ..., u,_; be a fixed orthonormal system of vectors and p a rotation in
R,; wewrite v, for p~1-u, i=1,...,n—1.If L, _, is the linear subspace orthogonal
touy, ..., u, then p-L, _, is orthogonal to v,, . . ., v,. The convex bodies K/p-L, _,
make up a family in R, _, defined over #,. Equally well, we may take the domain
of the family to be the set 0F, x 9F, _, X - - - x 0E, in virtue of our earlier remarks.
Clearly the family is bounded and measurable.
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For the moment write V(vy, ..., v,) for V(K/p-L,_,). By repeated applications
of Kubota’s formulae, cf. [1, p. 49] and [6], we obtain

WiK) = e [ [ Vo 0) do0): - dan (0,
O0Ep OEn —p+1

n" " Wn-p+1Kn-p

p=12...,n-1,

where dw, _,(v,..) indicates that that integration is with respect to v, ., over the
spherical surface F, _, of dimension n—k — 1, and y is a constant independent of
K. Since ¥V(vy, ..., v,) does not depend on v,,,. .., r, we may carry out further
integrations and represent W,(K)/y as

1 f .. J K(Ll’——’vp) dwn(Ul)‘ . 'dwz(vn—l)‘
crwg JoE, OE, Kp —

Wy p

These integrations can be viewed as an integration over the rotation group #,.
We use next (4.2) and obtain

W(K) [y} =P = MR_p(Fn-(Kp- L))

Consider the sphere [W,(K)/y]'*~PE,_,; from the preceding we see that if],
over #,, we define the family C of spheres in R, _, by C(p)=F,_(K/p-L, _p)E, - »,
then

4.3) (WAK)y) " PE, _, = Mi_,(C).
In turn, by the remark following (4.2)
4.4 Clp) = M _(p" [Klp- L]

where p’ is in that rotation subgroup #, _, of £, each element of which transforms
p-L,_, into itself. For this reason we may write p’-K/p-L,_, for p’-[K/p-L,_,].
Taken together, (4.3) and (4.4) yield

4.5) (WK1 PE, - = MR (M~ o(p" Klp-Ln-,))

as a representation for the mean cross-sectional measures when p=1,2,..., n—1.
The constant y is easily seen to be W, (£)=x«,.

5. We begin this section with a list of seven properties of the means M, and M,
which are analogues of the characterizing properties (1) through (6), listed in §1,
of power means of nonnegative valued functions over 7. In each case the analogue
is the rather obvious one except that for property (6) there are two equally natural
analogues, both of which are listed.

We use M to signify either M, or M, for some fixed p. The domain of definition
D, of M is the set of all bounded, measurable families of convex bodies in R,,
except in property (I1) a somewhat wider class of families is considered. The proof
of those properties which are marked with an asterisk will not depend on the
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special structure of T} ; these properties are valid with T written for T, except (III)
must be modified as noted.

(I)* M is continuous; that is if {K;} is a bounded sequence of families in D,
which converges to a family K in the sense that

lim &6(K,(t), K(t)) = 0 foreachtin T,
j— oo

then Kis in D, and lim, , M(K,)= M(K). Here the boundedness of the sequence
{K;} means that there are positive numbers b, and b, such that byE< K,(t)<b,E
for all j and all . We revert to the earlier notation of E for E,.

(ID* M is monotonic increasing in the sense that M(K')= M(K) whenever
K'(t)= K(t) over T,. We assume K' is in D,,, K is in D,; the possibility that m<n
is specifically included. ,

(IID* M is symmetric in the following sense. Suppose K is in D,. As in (3) set
K'(t)= K(t+ ) where' is some fixed element of T, the addition being modulo one.
K’ is in D, and M(K')= M(K).

Note. If T is replaced by a general, compact topological group 7, then ¢+ is
to be understood as the composition of ¢ with = in either order. Commutativity
is not assumed, of course.

(AV)* If K(t)=E over T;, then M(K)=E.

(V)* M has the composition property for families K in D,. By this we mean that,
in the notation of condition (5), if C(¢')=K(t), M(C)=C and K'(t)=C over T}
while K'(f)= K(t) otherwise, then M(K")= M(K). It must be noted that K is in D;;
necessarily this is true for C and K'.

(VIa)* M is positively homogeneous of degree one; that is, for every constant
A>0, we have M(AK)=AM(K) for each K in D,.

(VIb)* Suppose A is a real-valued, measurable function over T; satisfying
0<A =M)A. If K is a convex body and K(¢)=A(¢)K, then K is in D, and
M(K)=pK for some constant u>0.

Certain of these properties follow immediately from the representations (3.2)
and (3.3) or (3.5) of the means M, and M,, and the correspondingly numbered
properties from the set (1) through (6). This surely applies to (III), (IV), and (VIa).
With respect to the more general form of (III), in which T replaces T;, we need only
remark that the translation-invariant character of the Haar measure insures that
(3) is falid for nonnegative valued functions over 7.

Property (I) requires somewhat more discussion. Let Hy(x, t) and H(x, ) be the
support functions of K,(¢) and K(¢). The convergence of {K;} to K means that for
each ¢ we have lim;_ , H,(x, t)=H(x, t) uniformly for x in 0E.

In discussing the deviation § in the second section, we noted that this is equivalent
to the assertion that, for each ¢, lim,_ , Fy(x, t)=F(x, ¢t) uniformly for x in 9E,
where F(x, t) and F(x, t) are the distance functions of K,(t) and K(¢). For each x,
F(x, t) is necessarily measurable over T, cf. [8, p. 84] and 0< 1/b, < F(x, t) < 1/by
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for x in OF. This insures the existence of the mean M* ,(F(x, t)) and, by Lebesgue’s
bounded convergence theorem, we have

lim MZ,(Fy(x, 1)) = MZ,(F(x, 1)).

This convergence is uniform for x in 6E. Hence, by the first part of Theorem 2, the
sequence of associated star bodies {m,(K;)} converges to m,(K). We now apply the
second part of Theorem 2 and conclude that this is true for the convex closures,
ie., lim,, , M, (K;)=M,K).

To complete the proof of property (I), we observe that the preceding argument
can be applied again with the functions Hi(x, t), H(x,t) viewed as distance
functions of the polar reciprocal bodies K;(r), K(z). For the measurability of the
families we appeal to Theorem 3. Hence lim,_, M_,(K;)=M_,(K). In turn,
this implies by polar reciprocation and (3.3) that lim,., , M,(K;)=M,(K).

Although this settles the continuity property (I), it is convenient at this point to
call attention to a more inclusive continuity result. Suppose {K,}, K have the
same meaning as before and that {p,} is a sequence of real numbers which converges
to p. Then

lim 41,,(K) = M,(K), lim M;,(K;) = M (K).

The proof is much the same, but with the alteration that we consider the sequence
{ML, (Fy(x,t))} in lieu of (5.1). Since the powers and roots of a nonnegative
number depend continuously on that number, no new difficulty presents itself.

Two special cases will be of later use. First, by taking all the families K; to be K,
we conclude that M,(K) and M,(K) are continuous in p. Second, we take two
bounded sequences of convex bodies, say {K{"} and {K{"} which we suppose
converge to convex bodies K, and K;. Let {6;} be a convergent sequence from T;.
We define K, by

K(t) =K forO0=t=4, K(t)=K{ forf, <t =1

if 6;<1 and K;(t)=K§ for 0=<¢=<1 if §,=1. In this case we conclude that the
elementary means M,(K,, K, ; %) and M,(K,, K, ; 9) are continuous in

e = (P, '9, KO, Kl)
in the sense of the metric
dle,€) = |p—p'|+ |3 —9|+ (Ko, Ko)+3(K;, K7).

The monotonicity property (II) is simply shown when K, K’ are both families of
convex bodies in D,. Thus K'(t) = K(¢) implies F'(x, t) = F(x, t) over R, x T;; by (2)

ML (F'(x,1)) 2 ML ,(F(x, 1))

and so, by (3.2) M,(K')< M,(K). The proof for M, is similar. These proofs fail if
K’ is in D, where m<n and so we must proceed differently.
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Suppose L is the linear, m-dimensional space which contains K’'; we have for
all ¢

K'()NnL=K'(t) s K*t) = K(t) n L.

By the preceding argument M(K')< M(K*) and so we need show only that
M(EK*) < M(K).

For M =M, we have: y is a point of M,(K*)if y is in L and y is in the convex
closure of those x in L for which M* ,(F(x, t))< 1. Thus y is in M,(K) as was to be
shown.

If M= M, we argue in another fashion. We begin with a preliminary item. Let K
be a convex body, H its support function in L, i.e., H is defined over L. We extend
the domain of definition of H to R, as follows. Let y be any point in R,, y* its
projection onto L. If y*#0, set u=y*/| y*|; we set

H(y) = H(u)(u,y), when y* # 0,

5.1)
H(y) =0, when y* = 0.

This extension yields the support function of K considered as a degenerate convex
body in R,, that is: a point x of R, is in K if and only if

(5.2) (x,v) £ H(v) for all vin 0FE.

First suppose x satisfies these inequalities. Choosing any v orthogonal to L we
get (x, v)=0 and so x must be in L. We see that x must be in K by restricting v to
JEN L.

On the other hand, suppose x is in K. If v is not orthogonal to L we write
v=w+ (u, v)u Where w is orthogonal to L and u=v*/||v*|. Then

(x,0) = (x, W)+, v)(x, u) = Hu)u, v) = H(),

since (x, w)=0. If v is orthogonal to L, (x, v)=0= H(v). Thus in either case (5.2)
is satisfied.

Let H* be the support function of K* in L. We extend the domain of H* to
R, x T, according to (5.1). We form ML(H*(x, t))=®(x) for x in L. The inter-
section over all u in 0E N L of the half-spaces of L described by (x, u) < ®(u) is
M, (K*). We also extend the domain of ® to R, by (5.1). When we keep in mind
the convention that M,(f)=0 if f vanishes over T, even for p £0, we see that

O(y) = O@)u, y) = My(H*(u, t)(u, y)) = My(H*(y, 1))
for all y in R, since (u, y) 20. Hence the half-spaces
(x,v) £ M{(H*(v, t)), vin OE,

intersect to form .M ,(K*).
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Every supporting half-space of K{(¢) contains K*(¢). Therefore we have for the
extended support function of K*(¢):
H*(y,t) £ H(y,t) over R,xT;.
Hence
My(H*(y, 1)) < Mi(H(y, 1)) over R,.
This shows that the supporting half-spaces of M,(K) contain M,(K*) and so
M (K*) = M (K).
The proof of (V) is not difficult, but its restricted character warrants comment.
We have observed in §4 that the convex bodies which make up a family K in D,

are the intervals — a(t) < x < b(t) where a, b are positive, bounded and measurable
over Ti, and further that M,(K), M,(K) are equal to the interval

—Mi(a(t)) £ x £ M(b()).

Since property (5) holds for means of real-valued functions, (V) is established.

Property (V) does not hold generally for families in D, for n= 2. More precisely,
we shall show the following. Suppose K is in D,; we form K’ as described in (V)
and (5). Then, for n=2,

(5.3) M, (K') < M,(K), withequality forp = 1,
5.9 M, K') 2 M,(K), with equality forp £ —1,

and there can be inequality for the other cases.
Consider the second inequality. In the notation of (5), let

¥o(x) = [ J‘T' F-2(x, 1) di'[(+' T)] o
The set M,(C)= C is the convex closure of the set S of points x for which ¥'o(x) < 1.
Let ¥, be the distance function of C; then
(5.5) ¥i(x) = Fo(x)
since S< C. There can be inequality only if p> —1. We now form
Gi(x,t) = F(x,t), fortinT,—Tj,

=Yy(x), fortinT;, i=0,1.
We have from property (5): M _,(Go)=M _,(F), and from (5.5):

M_(Go) 2 M _(G).

The means M,(K’) and M,(K) are respectively the convex closures of the sets of
points x for which M! (G,(x,?))=1 and M (G(x,t))<1, from which (5.4)
follows with the possibility of inequality only if p> —1.

That the latter possibility can be realized is shown by the following example
involving elementary means. Let K be the convex closure of the points (1, 0),
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(0, +a) of R, where 0<a< 1. Take p to be a rotation of the plane about the origin
through /4 radians. We form

K, = Mp(K’ P2'K; 1/2), K, = Mp(KO’ P'K; 1/3)9
K, = M(K, p-K, p*-K; 1/3,1/3,1/3).

A direct computation shows that if x; is on 9K, i=1, 2 and also on the ray from
(0, 0) through (1, 1), then

%l = [(A+a)/317 > [(1+a)31" = |x,
where
a, = (@°+1)/272 > 21*72g?[(14+-a”) = a,

when p> —1. Thus K;2 K.

The inequality (5.3) can be treated by similar arguments.

As for condition (VIb), take H(x) and F(x) to be the support functions of K;
then those of K(t) are A(¢)H(x) and F(x)/A(t) respectively. Therefore

Mi(H(x, 1)) = HOM (X)), M,(F(x, 1)) = F(x)/ M3(A(t))-

These two functions satisfy (a), (b), (c) and so, regardless of the value of p, they
are the support and distance functions of M,(K) and M,(K). Consequently we have

(5.6) M,(K) = M,(K) = pK,  p = M)

The remainder of this section will be devoted principally to a characterization of
the power means M, and M,. Let us regard these means as functions which
associate with each member of D, a convex body in R,, for n=1,2,.... These
functions satisfy conditions (I) through (VIb). The characterization we have in
mind is this. Suppose M is any function which associates with each member of D,
a convex body in R, for n=1, 2,.... Further, assume M satisfies conditions (I)
through (VIb). Then there is a real number p such that, for each n and each family
K in D, we have: M,(K)< M(K)< M, (K). In this light, the means M, and M,
appear as the extremal functions among those considered. In a subsequent section
we shall construct examples of means of an intermediate nature.

As a beginning we give a direct proof that, for a bounded, measurable family K
of convex bodies over T, we have

6.7 M,(K) = M,(K).

Let H(x, t), F(x, t) be the support and distance functions of K(¢). Choose v in 0F
and let x(z) be the intersection of the ray R, with 0K(¢). If y#0 is on R,, we have

F(y, t)=|»|/|x(t)| and so
ML (F(x, 1)) = | y[I/Ma(|x(O])-
m,(K) is the star body whose distance function is M _,(F); we choose y to be the
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intersection of R, with om,(K). Consequently M* ,(F(y, t))=1 and so

Iyl = M| x@®)]).

It follows that, for any vector u,

(3, ) = | ¥l(u, v) = sgn (u, YM7(|(x(1), W)]).

By our choice of x we have

(x(t), w) = sgn (u, V)|(x(2), W)| = H(u, 1),

therefore (y, u) < ML(H(u, t)) for all u in OF.

Thus y is a point of M,(K) and so we have m,(K)< M,(K). We take convex
closures on both sides; since 7,(K)= M,(K) this gives (5.7).

Inequality (5.7) will not be used in the proof of the characterization theorem;
that theorem gives a second proof for the special case of families in D,.

Some cases of equality in (5.7) can be described easily: there is equality if, for
some convex body K, K(t)=A(¢)K almost everywhere in 7.

We shall call M a power mean if it associates with each n and each K in D, a
convex body M(K) in R, in such a way that conditions (I) through (VIb) are
fulfilled.

Let us first consider means of families K in D, ; as we have noted earlier K(z) is
the interval

(578) —a(t) = x 2 b@¥)

where a, b are bounded, measurable, positive functions which are bounded away
from zero. We now prove:

THEOREM 6. If K is the bounded, measurable family of convex bodies in R,
described by (5.8) and M is a power mean, then M(K) is the interval

—Mi(a(t)) = x = My(b(2))
for some index p which is independent of K.

First suppose K has the special form
(59 K(t) = a(t)K

where K is the closed interval — 1 £ x = ¢, for some ¢>0. By property (VIb), M(K)
is the interval —u < x < uc, where u=pu(a(t)) is a functional depending only on a(z).
We claim that p satisfies conditions (1) through (6). When the families K, K;, K’
in D, are of the restricted type (5.9), we see that the following assertions are true
over T;: {K;} converges to K if and only if {a,(t)} converges to a(t); K'(¢)< K(z)
if and only if a’(t)<a(t); XK is the family determined by Aa(¢z) when K is deter-
mined by a(z); K(t)= K for some fixed convex body K if and only if a(z) is constant.
With the aid of these observations and the assumption that M(K) satisfies (I)
through (VIb), it is routine to verify that u satisfies (1) through (6).
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Therefore, by the characterization theorem for power means of functions in D,
we conclude that u(a(z))= M}(a(t)) for some real index p which does not depend
on a(t). Consequently, if K is of the special form (5.9), then M(K) is the interval

—My(a(t)) £ x £ cMy(a(t)).

In view of property (6) applied to the right-hand side of the preceding inequality,
we see that the theorem is true for families of the special form (5.9).

Now consider a family in D, of the general form (5.8). Let ¢;, i=0, 1, be positive
constants such that

(5.10) coa(t) £ b(t) £ ca(t)
over T;. We define the families K; to be the intervals
Ki(t): —a(t) £ x £ qa(r).

From (5.10) it follows that Ky(¢)< K(¢)< K,(¢) over T, and so, by property (II),
M(K,) s M(K)< M(K,).
Since K; are of the special form (5.9), the sets M(K,) are the intervals

—Mia(t)) £ x £ e;Mia(t)).

Therefore, if M(K) is the interval: —« < x <8, then, by using (II), we conclude that
o= M}(a(t)). Hence the left end point of M(K) has the form asserted in the theorem.
We interchange the roles of left and right boundaries, repeat the argument and
thereby complete the proof of the theorem.

Let M be a power mean; we define the conjugate of M to be M’ described by
M'(K)=M(K) where K is in D,. It is clear from Theorem 3 that M’ is defined
for all K in D,.

THEOREM 7. If M is a power mean, so is its conjugate M'. The conjugate of M’
is M.

The last assertion is a direct consequence of the involutory nature of polar
reciprocation, viz.

M'(K) = [M'K)]~ = M(R]")"™ = M(K).

We must show that M’ satisfies conditions (I) through (VIb).

I. If {K;} has limit K, then {K,} has limit K because the hypothesis implies the
convergence of the support functions H,(x, t) to H(x, t), uniformly over x in oF
as j tends to infinity for each ¢ in T;. In turn, this implies the same sort of con-
vergence of the distance functions Fy(x, t) to F(x, t) by the remarks at the end of
§2. Therefore, since M satisfies (1), lim,. ., M(K;)=M(K). By the same type of
convergence argument applied to the sequence {M(K,)}, we conclude

lim M'(K)) = jlim MK, = MK) = M'(K).
j oo — o
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IL. If K'()< K(t) over Ti, then K'(1)=2 K(t), and so M(R’)= M(K) by property
(I1). Take polar reciprocals to finish the proof.
Conditions (IIT) and (IV) are immediate.
V. We begin with a family K in D, of the form (5.8). Then K(z) is the interval
—1/a(t) £ x£1/b(t), and so, by Theorem 6, M(K) is the interval
—M(1/a(t)) = x = My(1/b(2)).
Therefore, by taking polér reciprocals, we find that M'(K) is the interval
—M: (at)) £ x £ M., (b(2)).
Since M _, as a mean of functions over D enjoys the composition property (5),
M'(K) has the composition property (V).
VIa. If K'(f)=AK(¢) for a constant A>0, then K’'()=(1/2)K(t). Consequently

M'K) = [(I/WME)]™ = AM(K) = AM'(K).

VIb. The proof is similar to that of (VIa); we begin with K(¢)=(1/A(¢))K and so
M(K)=(1/u")K for some constant u’ >0 by property (VIb). Thus

MK) = M'(K) = v'K.
This completes the proof of Theorem 7. By way of example, (3.3) asserts that
the conjugate of the power mean M _,(K) is M,(K).
As further preparation for the characterization theorem, we shall establish the

following inequalities, valid for any power mean M. K is in D, and L is a linear
subspace of R,. In the notation of (4.1):

(5.11) M*(K) 2 M(K*),
(5.12) M*XK) = M(K*).

From the monotonicity property (II) of M we have M(K)=M(K*) and M(K*)
is in L. Hence M *(K)= [M(K*)]*= M(K*), which proves (5.11).

Suppose K is a convex body in R, and H is its support function; then (K)*
has a distance function which is the restriction of H to points in L. Consequently
(5.13) (K* = (K)*.

A similar argument applied. to the distance function of K shows that

(5.14) (K%~ = (K)*.

The polar reciprocations on the left are with respeét to the unit sphere in L, viz.
E*=E*

We use these relations to deduce (5.12) from (5.11) by a polar reciprocation
argument. By Theorem 7 we may introduce the conjugate mean M’ and, from

(5.11) applied to the family K, we have [M'(K)]*= M'([K]*). Taking polar re-
ciprocals, we reverse this inequality and obtain ([M'(K)]*)™< M'([K]*). Apply
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(5.13) and (5.14); this gives [M'(K)]*< M'([K*]") which is, according to the
latter part of Theorem 7, just (5.12).
Consider the family K where K(¢)=A(¢)E. By (5.11) and (5.12) we have

M*(A(t)E) 2 M(A()E*) = M(At)E*) 2 M*(A(?)E).
On the other hand, from property (VIb),
M*(X(t)E) = pE* = pE* = M*(A(t)E)
for some constant u>0. Hence
(5.15) M*(A(t)E) = M(At)E*) = pE*

for any linear subspace L.

One important consequence of (5.15) is this: if L is a one-dimensional subspace,
then p has the form pw= M(A(t)) by Theorem 6. The index p is independent of the
choice of L since this is true of n. This permits us to define an index of any power
mean M ; we take it to be p when this is the index of M for families in D, and for
the special families A(f)E in D,. Of course, this agrees with the indexing of M,
and M, in view of (5.6). When we have finished the characterization theorem, it
will follow that p will have the form indicated for all the families considered in
(VIb).

THEOREM 8. If M is a power mean and its index is p, then M ,(K)< M(K)< M,(K)
for each bounded, measurable Sfamily K of convex bodies. There is equality on both
sides if K(t)=Mt)K almost everywhere in T, for some convex body K.

Let L be an arbitrary, one-dimensional, linear subspace. By Theorem 6
(5.16) MEK*) = M,(K*)

since M has index p.
We next show that

(.17 M,(K) = U M,(K*)

where, throughout this proof, unions are to be taken over all choices of L. Indeed,
M, (K*) is the interval of points x in L for which M% (F(x, t))<1 where F(x, t)
is the distance function of K(¢) and, consequently, that of K*(¢) when x is restricted
to L. By definition M,(K) is the convex closure of that star body which is the union
of such intervals. Thus (5.17) is established.

From inequality (5.11) we have

MK) = J M*K) 2 U MEK*) = U M,(K*»;

the final equality comes from (5.16). We couple this with (5.17) and obtain, for
any K in D,,

(5.18) M(K) > M,(K).
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To obtain the remaining inequality, let M’ be the conjugate mean to M; M’ has
index —p and so, by (5.18), M'(K)=2M _,(K) for any K in D,. Taking polar
reciprocals reverses this inequality; we then use the latter part of Theorem 7 and
(3.14) to get M(K)< M,(K) for the family K in D,.

It has been noted already in (5.6) that, when K has the special form K{(#) = A(t)K
for almost all ¢, then M,(K)= M,(K)=ML(A(¢))K. The inequalities just established
show that for such families we have M,(K)=M(K)=M,(K)=ML(A(?))K for any
power mean M. In particular, as a generalization of property (VI) we have: if
K(t)=K over T, for some fixed convex body K, then M(K)=K.

We close this section with a comment on condition (VIb). The condition was
used twice: first to prove Theorem 6 and second to prove (5.15). In the first case,
(VIb) is only required to hold for all families K of the special form in D,; in the
second case, for all families of concentric spheres in D,, n=1, 2, .... Thus we need
only assume: (VIb’). Suppose K is a family in D, of the special form K(¢)=A(t)K
where KX is a fixed convex body. Then M(K)=puK for some u>0 if (a) n=1, or (b)
K=E, n=12,....

On the basis of those cases of equality mentioned in Theorem 8, we see that
necessarily M satisfies (VIb) whenever it satisfies (I) through (VIb').

6. This section is devoted to analogues of the inequalities of Jensen and Jessen.
For Jensen’s inequality we have:

6.1 M,K) < M(K), M, K)< MK) wheneverp <gq

for any family in D,,n=1,2, .. .. The proof is immediate. Let H(x, ¢) be the support
function of K(t), then M!(H(x, t))< M!Y(H(x,t)) over R, by Jensen’s inequality
(1.2). In view of the partial ordering of convex bodies induced by that of their
support functions, mentioned in §1, this last inequality is equivalent to the first
half of (6.1). If F(x,t) is the distance function K(¢), then, since —pz= —gq,
M (F(x, t)) 2 M" (F(x, t)). By referring to the partial ordering of convex bodies
induced by that of their distance functions, we establish the latter part of (6.1).

Because bounded, monotonic sequences of convex bodies have unique limits in
the sense of the deviation 8, cf. [10, p. 152], and because from boE< K(t)= b, E
we deduce

boE = M,(K) < M,K) < b,E,

the inequalities (6.1) suggest the examination of the limits of the means M,(K),
M (K) as p tends to +oo.

To this end we define two convex bodies y(K) and I'(K) associated with a
bounded, measurable family K over T in the following way. Let C be a convex
body such that

(6.2) Kt C
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for almost all ¢. The intersection of all such sets is I'(K). In a similar fashion, let ¢
be a convex body such that c< K(¢) for almost all z. The convex closure of the
union of all such sets ¢ is ¥(K). From the order-reversing character of polar
reciprocation and from U C=(N C)" it is seen that

(6.3) y(K) = I'(K).
We claim that
(64) lim M,(K) = lim M,(K) = I'(K), lim M,(K) = lim M,(K) = ¥(K).

In virtue of inequality (5.7) and the monotonic character of M, and M, in p,
only the two right-hand equalities must be shown; further, equations (6.3) and
(3.3) show that the second of these follows from the first.

If @ is the distance function of C, by (6.2) we have F(x, t) = ®(x) for almost all
t and for each x in R,. The value of the distance function of the intersection of
such sets C at x is sup {®(x)}; this is to say, the distance function of I'(K) has
eff sup F(x, t) as its value at x. By the convention mentioned in §1, we conclude
that the distance function of I'(K) is MY ,(F(x, t))=lim,., M" ,(F(x, t)) which
gives the desired equality.

In case K is piecewise constant and if {K}}, j=0, 1, ..., m, is its range, then

I'(K) = Q K, vK)=()K,

For Jessen’s inequality we are concerned with a family K of convex bodies in
R, defined over Tx T’ where T, T’ denote, as usual, compact topological groups
with Haar measures so normalized that T and T’ each have total measure one. The
Haar measure for Tx T’ is the product measure. We assume K is a bounded
family in the same sense as before and that it is measurable over T'x T'. By definition
the distance function F(x, ¢, t") of K is measurable over Tx T’, and, by Fubini’s
theorem, the means M* ,(F(x, t, t')) exist for almost all values of ¢’ in T'. For
such ¢’ we form

(6.5) C(t') = My(K(t, 1)),

that is the convex closure of the set of points x in R, for which M* ,(F(x, ¢, t"))< 1.
Over the remaining set of ¢’-values, which is of zero measure, we may set C(t') =K,
where K, is some convex body lying between the bounds for K. In this way we
obtain a family of convex bodies C over T’ which is bounded and measurable
according to Theorem 4 taken together with Fubini’s theorem. Thus we may form
ML (C)=M!ML(K); clearly the choice of K, does not affect the determination of
this mean.

In'like fashion we may form M:M:(K).

Let us consider the family K and take C to be defined as before except that in
(6.5) we write K for K. By the corollary to Theorem 3, K and € are bounded,
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measurable families; according to (3.3), the family C is described by
Ct) = M (K(1, t").

We form M:(C) and take the polar reciprocal which gives, again by (3.3),
MY Mt (K). In the same way we may form M*‘ ,M" (K). It is convenient to write
p and g for —p and —gq.

Our analogues of Jessen’s inequality will be:

6.6) MEMYK) € MEMEK) ifpSq g2 1;
©.7) M{MYK) < MEMEK) ifp<q ps 1.

It should be noted that the analogy is incomplete: in the first case due to the final
restriction on ¢, in the second case due to that on p. In fact, we shall show that
these inequalities fail to be true generally without some such limitations. We
assume the indices to be finite.

The validity of either (6.6) or (6.7) entails the validity of the other. This is
shown by a polar reciprocation argument; we shall show that (6.6) implies (6.7)
and it will be clear that the same reasoning gives the reversed implication.

Assume (6.6) in the form

MY M K) 2 ML ME(K) forps<gq, p< —1.

Take polar reciprocals; this reverses the inequality and a double application of
(3.4) yields (6.7). It follows also that whenever one of these inequalities fails to be
true without the final index restriction, so does the other.

We now prove (6.6). Since ¢g=1, the support function of ML (K(z, t")) is
M (H(x, t,t")) for almost all . We form the half-spaces h(u) described by

(x, ) £ MM (H(u, t, t));

their intersection, over all u in 9E, is M:M!(K). We next form, for almost all ¢/,
the half-spaces (x, u)S M/(H(u,t,1')). Let H'(x,t’) be the support function of
their intersection over all # in 0E. Then MY M}(K) is the intersection, over all u
in OE, of the half-spaces A'(u) described by (x,u)<MY{(H'(u,t’)). Because
H'(u, t') < MY(H(u, 1, t)), for almost all ¢’, we have

MEY(H'(u, 1)) £ MYMY(H(u, 1, t')).
By Jessen’s inequality, since p <gq,
MIMy(H(u, t, 1)) < MyM;(H(u, 1, t")).

These last two inequalities imply that A'(u) < h(u) for each u in 0E. From this (6.6)
follows by taking intersections over JF.

The following example is intended to show that (6.7) is not always true if —1 <p.
More precisely, we shall construct a family K such that if p, g are any two positive
numbers satisfying p <gq, then for this family (6.7) is reversed. Further, there are
nonpositive p> —1 and choices of ¢ > p for which (6.7) is reversed.
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Let K, be the convex closure of the points (£ 1,0), (0, +ctn 8,), 0<8,<n/2,
in R,. Direct computation shows that the distance function F, of K, is defined by
Fo(x) = |x] |cos (6—6o)|/cos b,

where 0 is such that (cos 6, sin 6) is the vector x/| x| if x| #0. Let p(¢’) signify a
rotation of R, about (0, 0) through 2#¢’ radians. We define the family K over the
square:

» K@i, t')=p(t') K, forO=t=1/2, 02¢
=p(t'—1/4)- Ky, forl2 <t=<1, 0
The distance function of K(¢, t') is, correspondingly,
F(x,t,t') = ||x| |cos (8 —8,—2mt")|/cos b5,
= ||x| |cos (68— 8,—2mt" +m/2)|/cos B,.

The mean M (K(t, t')) is a circle whose radius r(6,) is independent of ¢. Let e
be the point (1, 0); then the radius is given by '

1 1/q 2 (a12-6, 1/q
r(6,) = (f F-e, t,t") dt') = COS 00(;f cos~ 9y dx/:) ,
0

_00

I;

t' £ 1.

=
=

when g#0. Clearly M;M¢ (K) is this same circle.
We now form M.(K(t, t')). From the supposition that p> —1, it can be shown

with the aid of Minkowski’s inequality that this set must be a square with vertices
(+¢,0), (0, +c) where

l/c = ([F~*(e, 0, ")+ F~%(e, 1,1")]/2)"*",
or
¢ = ([l +ctn? 6,]/2)" = cos Oo/([sin~? 8+ cos P B,]/2) ~1/7.

In turn M:M:L(K) is a circle of radius r'(6,). To find r'(6,) we note that if in the
description of K, we set 6,==/4, we have a figure similar to ML(K(#, ¢)). From
this it follows that r'(6y) = cr(w/4).
Consider [r(6,)]° in the case ¢ >0. By L’Hospital’s rule
/2~ 6,

. . 0
lim r%(8,) lim = cos 14 dipfsec? 0,
6o —n/2 Go—n/2 T J —g,

lim/2 2(cos 7 8, —sin 7 8,)/q sec? 8, tan 6,
fo—n

lim 2 ctn 6o(1 —ctn? 8y)/mq = O.

O0g—n/2

Il

Hence, for ¢>0, limg, ., (65)=0. On the other hand r(w/4)>0 and, for p>0,
the first representation of ¢ shows that limg,_ 2 c=2""?. Thus, by taking 6,
sufficiently near /2, we have r'(8,) > r(6,). In short, given p, g such that 0<p<gq,
we can choose 8, so that M: M5(K)=2 MM (K).
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The function g(6,)=1In [r'(8,)/r(8,)] is analytic near ,==/4 and, because c=1
when 6,=m/4, g(m/4)=0. Direct calculation, with the aid of the second representa-
tion of ¢, gives

g(6o) = [(p+2)—2‘"2 / fo " cosa y d¢](oo_ﬂ/4)2/2+ e

The index g is restricted by ¢ > — 1; therefore by Jensen’s inequality

n(2J4)12 = (4 fo ™ cos ¢d¢/n)'1< (4 J’:H sect ¢d¢/w)l'q < max secy = /2.

0svsn/4

Consequently
n/4
(4)myi+t = 202 / f cos~§ dp = 4fm, forq = 0.
0

We apply this inequality to the leading coefficient in the expansion of g(6,). This
shows that if (4/m)—2<p<q<0, then, for 6, sufficiently close to =/4, g(8,) is
positive and so r'(6,) > r(6,). However p and ¢ need not be of the same sign. Thus
there are ¢, positive but small enough, such that we can select a negative p which
satisfies p > (4/m)?*1—2. For such p, ¢ and for 6, sufficiently close to =/4, (6.7) is
again reversed.

It seems quite likely that the restriction on p in (6.7) and on ¢ in (6.6) cannot be
lightened.

From (6.7) we can prove a Brunn-Minkowski type theorem. Let K be a bounded,
measurable family of convex bodies in R, over T. We form the family C over
TxRA, xR, _, defined by C(t, p, p)=p"-K(t)/p-L,-, in accordance with the
notation in the last part of §4. For p=0, 1, ..., n—1 we have by (4.5)

MWK kn]' "~ P)E, -, = MM -, M3_,(C),

in virtue of property (VIb). Suppose ¢< —1; then we may apply (6.7) twice to
obtain

6.8) M{MR_ MR (C) 2 MR, MR-, M{(C).
We next use (5.12) and the fact that
Mi(p' - K(1) = p'- My(K(2))
‘to get
(6.9) M;_ MR-, MYC) 2 M?_,MR_,(p" MyK())/p-La-5)-

Again by (4.5) the last expression is [W,(M4(K(t))/x,]"'™~PE, _,. Hence (6.8) and
(6.9) yield
Wyl P(MK()) = MW" P(K(), g = -1

This inequality was proved, less systematically, in [5], [6], and [7]; the cases of
equality can be found there.
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7. We define a system of power means to be a collection of power means {N,}
of families of convex bodies, one for each index p satisfying —oo <p <oo, which
are continuously and monotonically dependent on p. We have

lim N,(K) = y(K),  lim Ny(K) = I'(K)

in virtue of Theorem 8 and the corresponding limit relations (6.4) for M, and M,
Therefore N, is monotonic increasing in p, (in the wide sense), and so fulfills
Jensen’s inequality

N, (K) € N(K) whenp <q.

We have seen that the collections {M,} and {M,} each form a system of power
means. These are not the only possible systems however; we shall construct other
systems of power means in this section. At the same time, two collections of power
means will be displayed which satisfy all the requirements for a system except that
in one case Jensen’s inequality is not fulfilled and in the other case the continuity
assumption is not satisfied. This will show the independence of these assumptions.

Let us begin with a comment on inequality (5.7): there are cases of strict
inequality. To see this, take T=T,, p=0, and

(.1) Kt)=K forO0st<3, K@t)=K forystsl
For this family (5.7) reads
Suppose there is equality for all convex bodies K; then

MK, K; 3 = My(K, K; %) = Mo(k, K; 1) = [M(K, K; HI
by the symmetry property (III) of M, and (3.3). This equality asserts that
My(K, K; 1) is always its own polar reciprocal with respect to E. But E is the only
convex body with this property. Now if H and F are the support and distance
functions of K, then M(K, K; 1) is the convex closure of that star body whose
distance function is (HF)''2. On the other hand, the only star body which has E
as its convex closure is E itself. Hence we would have to have, for any convex body

K,
(H(x)F(x))V2 = |x|| forall xin R,.

For a specific counterexample, take K to be the cube of points x for which
F(x)=max {|x*],..., [x"[}£1 and, for this choice of K, H(x)=|x!|+ - - +|x"|.
Therefore there are cases of inequality in (5.7). The continuity of M, and M, in p
and K shows that this is not an isolated instance.

The result may be viewed in another light. Let /' be any positive, measurable,
bounded function over T which is bounded away from zero. Then the function f
defined over T by f(t)=1/f(¢) is also of this character and we have

(7.2) M(f) = M_,(f)
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where, for a>0, 4d=1/a. Thus the geometric mean of real-valued functions may be
said to be self-conjugate. As we have seen (7.2) is not true for the power means M,
or M, of families of convex bodies. Several of the systems of means constructed
in this section will have the analogue of property (7.2).

Let © be an infinite sequence of real numbers 6,, 0y, ..., 0, ... which satisfy
0<6,<1 and suppose @ has a limit 6. Further take K to be a bounded and
measurable family of convex bodies over T. Set

Co = M,(K), C5= MyK)
and define inductively
(7.3) Cy = My(C;j-y, Cj_y;5 6,_1), G = Mp(cj—h Ci_1;0;-1)
forj=1,2,....
From (5.7) we have C;< C;; therefore
Cy = My(Cj-1, Cj-1; 0,-1) € My(Cyoy, G515 0;-1) = Cjy,
Cj = My(Cy_1, Cj_150;,_1) 2 M(Cj_1, Ci_y; 6;-1) = Cjy
by properties (II) and (IV) in its generalized form following (5.19). To summarize:
(7.9 Ci,eCcCicCy.
The two sequences {C;}, {C;} of convex bodies are monotonic and bounded by
C,, Cs. Hence they have limits C’ and C respectively which satisfy
(1.5) Coc C' = CgcC,,

cf. [10, p. 152]. Let F’, F be the distance functions of C’, C.

If 6, is one for some index m, we conclude from (7.3) and the generalized
property (IV) as well as (7.4), that all the subsequent members of the sequences
{C}}, {C;j} are just C,,. In this case C=C"'=C,,.

In a similar fashion, if 8,, is zero for some index m, C=C'=C,,.

Next suppose that 0< 8;<1 for all j and that 6s#1. From the continuity of
M (Ko, Ky; ) in (Ko, Ky ; 3), we deduce

lim My(C;_1, Cj_1; 8;-1) = M(C, C'; 8) = C".
j— o

Therefore M _,(F, F'; 0) is the distance function of a star body contained in C’,
and so F'(x)S M_,(F(x), F'(x); 6). Since 6+ 1, this implies that F'(x) < F(x) over
R, which, taken together with (7.5), gives C'=C.

If =1, then C=M,(C, C'; 1)=C" as before.

In all these cases we denote the common limit C by N,(K|®). When 6,=6 for
all j we will write the number 8 for the sequential symbol ©.

The principal result in this section is the following theorem.

THEOREM 9. The collection {N,(K|®)} forms a system of power means for each
sequence © of the type allowed, i.e., for each real, finite p, N,(K|®) possesses
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properties (1) through (VIb) and, for each K, N,(K|®) is continuous and monotonic
in p.
First we demonstrate properties (I) through (VIb).

(I) Suppose {K;} is a sequence of families in D, which converges to a family K
in D, over T;. By the continuity of M, and M,, we know that the sequences

{M,(K)} = {C§”} and {M,(K))} = {Co"}
converge to Co=M,(K) and Co=M,(K) respectively. From this we next prove
that, given ¢ positive and less than one, there is ann(e) for which
(7.6) (14+e)Co 2 C; (1—e)Co = C§; (1+)Cs 2 Co?; (1—€)Ch = Co,

whenever j> n(e).

Consider the first pair of (7.6). The convergence of {C§’} to C, implies the
existence of an ny(e) such that, for j > ny(e), we have 8(C,, C§”) < ei.e., Co+eE2C§,
C§+eE=C,. Since byE< K(t) = b, E, byE< K(t) = b, E for some positive by, b;, we
deduce b,E<C, and so (1+¢/b)Co2C§". Similarly from boE< C§’, we obtain
(14 ¢/bo)C§? 2 Cy. From this last inequality we have

C 2 (1—¢/[bo+¢])Co 2 (1 —¢/bo)Co.

Hence, for j>ny(boe) we have the first pair of inequalities in (7.6).
The second pair is treated similarly and holds for j>ny(¢/b,); finally take
n(e) =max {ng(boe), no(e/b1)}.
By an inductive argument, it follows that
(1+e)C = M(1+6)Cp—1, (1 +6)Ci_y; 1) 2 M(CE 4, Ci?y5 0,_1) = CP
and, in like fashion,
(1-8)C, = CP, (1+e)Ci 2 G, (1—e)Ci = C,

for k=1,2,..., from the set monotonicity of M, and M,. Consequently, for
J>n(e)
(1-e)C = CP = klim P, (14+¢C =2 C.
Therefore
lim C? = lim Ny(K;|®) = C = N,(K|0)
j— o

Findd

as was to be shown.
(IT) For the set monotonicity of N, suppose K,(¢)< Ky(t) over T;. Then, from
the monotonicity of M, and M,, we have

C(gl) = Mpacl) = C(()z) = MP(K2)9 C(IJ(D = Mp(Kl) = C(’)(z) = Mp(KZ)-

By the obvious induction argument, we conclude that C{V<=C®, C;V'<cC/®,
for all j, whence

C® = N,(K,;|0) = C? = N,(K;|0).
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(III) and (V) both follow from the fact that the sequences {C;}, {C;} generated
from K are equal, term by term to those generated from K'.

(IV) All the elements of {C,}, {Cy} are E; hence so is N,(K|O).

(VIa) From M,(AK)=AC,, M,(AK)=AC;, the property follows by an inductive
argument.

(VIb) From
MXDK) = pCo,  M(N1)K) = pC;

we have the same conclusion as in (VIb).
For the monotonicity in p we demonstrate Jensen’s inequality

(1.7) N,(K|®) = N(K|O®) whenp < q.
By (6.1), for p<gq
Co(p) = M,(K) = M(K) = Co(q) and Co(p) = M,(K) = M K) = Cy(q).

Hence

Ci(p) = M (Co(p), Co(p); 6o) = M(Co(p), Co(p); 0o)

S M(Cy(9), Co(q); b0) = Ci(g),

and similarly C,;(p)< C,(g). In this way we establish inductively

Cip) = Ci(g9) and Cyp) = C(q), j=12,....

Consequently in the limit we obtain (7.7).
The continuity of C(p)=N,(K|®) is left. First note from the definition (2.11) of
8 that, if K" < K’ < K are three convex bodies, then

(7.8) 8(K', K) < 8K, K).

Let p be a given real number and suppose ¢>0 to be preassigned. Since {Cy(p)}
and {C;(p)} converge to C(p), there is an index k such that

7.9 3(Cu(p), Ci(p)) < /5.
Hence, by (7.8) and (7.4),
(7.10) 3(C(p), C(p)) < &/5.

Next, we have already seen that M,(K) and M,(K) are continuous in p and, in
the same discussion, that the corresponding elementary means M,(K,, K;; &),
M ,(K,, K;; 9) are continuous in (p, Ko, K;, 9); this permits us to conclude induc-
tively that C,(p), Ci(p) are continuous in p and so we may choose an index g, > p
such that:

3(C(p), Cilqo)) < /5, 3(Ci(p), Ci(q0)) < ¢/5.
From this and the monotonicity of C,(p), Cx(p) in p, we have by (7.8):

(7.11) 8(Cilp), Cl9)) < ¢/5,  3(Cilp), Cil@)) < /5,
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for all ¢ satisfying p<q=q,. By (7.9), (7.11), and the triangle inequality for & we
obtain, for the same g, 8(Ci(q), Cx(q)) <3¢/5. With the same argument that gave
(7.10) we deduce

(7.12) 3(C(q), Cdg) < 3¢/5.

By the triangle inequality and (7.10), the first part of (7.11), and (7.12) we get
finally

(7.13) 3(C(p), C(9) < ¢

for all g satisfying p <q <¢,. In the same way, there can be found a g < p such that,
for all g satisfying g, <g <p, we have (7.13); from this we have the desired con-
tinuity.

With some modifications the preceding result can be extended to cover the
following situation: we suppose ® to be a sequence of nonincreasing functions of p
which are equicontinuous at each finite p and converge to a continuous limit
function. Then N,(K|®(p)) is continuous in p. The only alterations in the argument
come in the inductive proof that C,(p), Ci(p) are continuous in p and in the
demonstration that these sets are monotonic in p. For the first the equicontinuity
of © is needed; for the second, the monotonic character of the elements of @.

From (7.5), and in harmony with Theorem 8, we have

M) = N,(K|1) € N,(K|®) S N,(K[0) = M,(K).

These inequalities can be generalized considerably. We write ©® < 0’ if 6;—6,
is nonnegative for all j. The generalization is this: if ® <@’ then

(7.14) N,(K|®) = N,(K]|0).

As a preliminary we remark that if Kj and K, are two convex bodies such that
K, 2K, then the elementary means M,(K,, K;; #), M, (Ko, K,; &) decrease mono-
tonically from K, to K, as & goes from O to 1. This is an immediate consequence
of property (II) with the use of piecewise constant families K defined by

Kit)=K, for0 =<t =<9, Kit) =K, ford<t=1.

To form the right and left sides of (7.14) we begin in both cases with Cy= M,(K)
2 M,(K)=Cj, and next form

C1(60) = M,(Co, Co; by), Ci(6) = M,(Co, Co; 0o)

and, similarly, C,(6;), Ci(65). Since 6, <6, by the monotonicity property just
mentioned

Ci(60) 2 Ci(60),  Ci(6o) 2 Ci(60).

We now form

C2(00, f)1) = Mp(C1(00)$ Ci(eo); 6,), Cé(oo, 01) = Mp(cl(eo)a Ci(oo); 01)
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and similarly Cy(65, 6,), C3(6o, 6,), Co(6o, 07), C2(6o, 67). From property (III) and
the set monotonicity in the parameter 3 we obtain
Cy(o, 6;) 2 Cy(o, 6,) 2 Cy(b, 6Y), C2(0, 6,) 2 Ca(60, 6,) = Ci(6s, 61)

since 6, < 6}. The proof of (7.14) can be completed inductively.
Consider the sequences {C}}, {C,}. We have

C; = [Mp(cj—la Ci-13 0,01 = M—p(éj—la C;—ﬁ 0,-1)
=M_,(Cj_1, €13 1-6,_y)
from (3.3). In the same way C;=M_,(C;_,, C;_; 1—6,_,). The limit of these
sequences is seen to be the result of joint iteration using the means M_, and
M _, together with the sequence ©: 1—0,,1—8,,...,1—0,,..., and beginning
with the means
G = M,K)]™ = M_,(K), Co = [MK)]" = M_,K).
Thus the common limit is N_,(K|©).
On the other hand lim,., C;=C=N,K|®) which gives N,(K|®)=N_,(K|0)
or, finally, by taking polar reciprocals,

(7.15) N,(K|®) = N_,(K|©).

We call a system of means {N,(K)} self-conjugate if for each p and each bounded
and measurable family K of convex bodies over T: N,(K)=N_,(K). To construct
some self-conjugate systems, let {6;(p)}=®O(p) be a sequence of nonnegative,
monotonic, nonincreasing functions which are equicontinuous over any finite
p-interval. We suppose that the sequence converges to a continuous limit 8(p)
and that

(7.16) 0p)+0(—p) = 6(p)+0(—p) = 1.

It is easily seen that for each p the sequence is of the type allowed in the formation
of N,(K|0); set ; N,(K)=N,(K|O(p)). Thus for each p, ;N,(K) is a mean and by
our extended continuity property, the collection {; N,(K)} depends continuously
on p.

To prove Jensen’s inequality we apply (7.7) and (7.8): for p<gq we find

1N,(K) = Ny(K|O(p)) = N,(K|O(q)) = NK|O(q)) = 1N,K)
since the elements of ®(p) are nonincreasing in p.
Hence {;N,(K)} is a system. By (7.15)
_1N-p(K) = N-,,(Kl@(—p)) = N,,(Kl@(—p)) = Np(KIG(P)) = le(K)-
The next to the last equality comes from (7.16) and the definition of ©. Thus

{1N,(K)} is a self-conjugate system.
When p=0, (7.16) shows that ,(0)=%. Hence if K is the family described by (7.1)

1No(K) = No(K[}) = No(K[}) = E
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since the convex body is self-polar. Here we have used the symmetry property of
1No. Thus, for this system, the geometric mean of a convex body and its polar
reciprocal is the unit sphere.

We close with two examples of collections of means which are not systems. The
first, {; M (K)} satisfies all the requirements excepting continuity in p; the second,
{oM,(K)} satisfies all the requirements excepting Jensen’s inequality is not always
fulfilled. We set

My(K) = M(M,(K), M,(K); 8(p), i=1,2.
For &, we choose #,(p)=1 for p<0, 3,(p)=0 for p=0.

We have noted at the beginning of this section that there are families K for
which

(7.17) My(K) = M(K).

Then for g,>0, but small enough, we have M, (K)®$ My(K) in virtue of the con-
tinuity of M, in g. Let 35(p)=0 for p <0, &4(p)=p/q, for 0<p <q,, %:(p)=1 for
P>4go. From the foregoing discussions {;M,(K)} is a collection of means which
depend continuously on p. However, for the family satisfying (7.17):

2Mo(K) = Mo(K) ¢ M, (K) = 3Mq,(K).
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